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Gas-liquid bubbly flow in 2-D bubble columns was studied by numerical simulation.
A Eulerian-Eulerian two-fluid model used describes the time-dependent motion of lig-
uid driven by small, spherical gas bubbles injected at the bottom of the columns. Such
equations, numerically implemented in this work, were derived by Zhang and Pros-
peretti. A distinctive feature of this method is the derivation of the disperse-phase
momentum equation by averaging the particle (here, the bubble) equation of motion
directly, not the macroscopic equation for the particle phase. Both the time-averaged
quantities and dynamic characteristics of the macroscopic coherent structures agree with
the experimental data of Lin et al. and Mudde et al. The comparison of simulated
results with data demonstrates that this physical model and numerical approach can
provide the key features of the time-dependent behavior of dispersed bubbly flows quali-
tatively with reasonable quantitative accuracy. Effects of the number of injectors, magni-
tude of bubble-induced viscosity, and various parameters in the interphase momentum
exchange were also studied by simulating various cases and comparing with measure-
ments. The applicability of different boundary conditions and the sensitivity to the mesh
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system used are also examined.

Introduction

Bubble column reactors are widely used in the chemical
industry due to excellent mass- and heat-transfer characteris-
tics and simple construction. The fundamental properties of
the hydrodynamics in bubble columns, which are essential for
scale-up and design, are still not fully understood at present
mainly due to the complicated nature of multiphase flow.
Based on the experimental evidence (such as studies by Tzeng
et al. (1993) and Devanathan et al. (1995)), it is clear that,
beside the time-averaged quantities, the transient behavior of
flow is required to provide proper and needed information
on the hydrodynamics and transport parameters in such reac-
tors. For instance, to study the mixing process, one needs the
time-dependent velocity field for calculating the convection
and turbulent dispersion of a passive scalar in the liquid
and/or gas phase.
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The bubble-driven flow in a bubble column is a typical
two-phase (gas and liquid) system in which the flow is driven
by buoyancy. From the viewpoint of physical modeling, two-
phase bubbly flow is commonly defined as a flow pattern in
which the gas phase is distributed within a liquid continuum
in discrete bubbles much smaller than the characteristic di-
mension of the container (column diameter). Numerical sim-
ulation of two-phase flows either treats the system in an aver-
aged sense as interpenetrating continuum, or explicitly moves
bubbles due to the fluid-imposed and body forces—in some
cases feeding back the effect of the bubbles on the carrier-
fluid motion through various means. The first type of ap-
proach is called Eulerian/Eulerian method, while the second
is usually referred to as Eulerian/Lagrangian method. In the
first approach the two-fluid model is developed to describe
the motion for each of the two phases in Eulerian frame of
reference. In the second approach, while the continuous
phase is still described in Eulerian representation, the dis-
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persed phase is instead treated as it is, that is, the discrete
bubbles, and each bubble is tracked by solving its equation of
motion through the continuous phase.

During the last several years, the dynamic simulation of
gas-liquid flow in bubble columns has drawn considerable at-
tention of the investigators in the chemical reaction engineer-
ing community. Webb et al. (1992) and Lapin and Lubbert
(1994) studied gas-liquid flows in 2-D bubble columns. They
used a single-fluid model in which the two-phase flow is re-
garded as a quasi-single-phase flow with variable density.
Bubbles are considered to individually rise in this fluid, thus,
leading to a dynamical change of its density which finally re-
sults in a convective flow of the bubble/liquid two-phase sys-
tem. The gas-phase distribution is calculated by either solving
the bubble distribution density functions or individually
tracking the bubbles or bubble clusters in a Lagrangian frame.
A liquid circulation pattern in the columns of low aspect ra-
tio (height to width ratio) has been observed in their simula-
tion. Using an Eulerian/Eulerian model, Sokolichin and
Eigenberger (1994) presented a laminar, dynamic 2-D simula-
tion of gas-liquid bubble flow in a flat and uniformly aerated
bubble column. In their study, no turbulence model was used
in solving the velocity field of the liquid phase and the drag
force was calculated with a constant drag coefficient. Their
results were further compared with the laboratory observa-
tions and data in a 2-D bubble column and loop reactor by
Becker et al. (1994). In a series of articles, Delnoij et al.
(1997a,b,c) numerically investigated the gas-liquid flow in 2-D
bubble columns by Eulerian/Lagrangian methods. The mo-
tion of the gas phase was solved by applying either the dis-
crete bubble model or the volume of fluid (VOF) model. Un-
like the work by Lapin and Lubbert (1994), where the cou-
pling between the gas and liquid phase was achieved through
the effective density of the mixture and no momentum ex-
change was incorporated, Delnoij et al. (1997a) coupled the
two phases by adding a source term, which includes all the
forces imposed on the liquid surrounding the bubbles, into
the volume-averaged Navier-Stokes equation for the liquid
phase. Correspondingly, the gas phase was described by the
equations of motion for each individual bubble. Numerical
results were compared, mostly in a qualitative way, with the
experiments on the partially aerated 2-D bubble column of
Becker et al. (1994).

We have witnessed considerable efforts made by using Eu-
lerian/Lagrangian type of simulations, mostly 2-D, for study-
ing the multiphase hydrodynamics in bubble columns. The
Eulerian/Lagrangian method is more suitable for fundamen-
tal investigations since it allows for direct consideration of
various effects related to bubble-bubble and bubble-liquid in-
teraction. The applicability of this method, however, has been
and is limited to the situations where the gas velocity and gas
holdup are relatively low. In most industrial applications, high
gas superficial velocity is used which results in high gas holdup
and turbulence (so-called churn turbulent flows). Under such
conditions, the Eulerian/Eulerian method is usually pre-
ferred. Several challenging issues regarding the modeling of
averaged equations and closure relations, which have been
the active research topic in the field of multiphase flow for
many years, still exist. One key question is how to model the
interphase momentum exchange which is related to the prob-
lem of calculating the force acting on the bubble and taking
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into account the effect of multibubble interaction, large de-
formable bubbles of the disperse phase, and finite value of
gas holdup on these forces. Another unresolved issue is mod-
eling of turbulence in two-phase flow.

Turning to the experimental side, the current techniques
for studies of multiphase flow include the computer-auto-
mated radioactive particle tracking (CARPT) and the particle
image velocimetry (PIV). The former is a Lagrangian mea-
surement in which the trajectory of a single particle is
recorded. Devanathan et al. (1990) and Yang et al. (1993)
have employed this technique to investigate the liquid veloc-
ity field in cylindrical bubble columns. The PIV system, which
was originally developed for velocity measurement in single-
phase flow, has recently been used for multiphase systems
under the conditions of low volume fraction of the dispersed
phase or in geometries that make the system transparent. This
type of measurement for gas-liquid flow in bubble columns
has been realized by Chen and Fan (1992) and Chen et al.
(1994). Recently, Lin et al. (1996) and Mudde et al. (1997)
used PIV and presented their experimental studies of 2-D
bubble columns. They provided the detailed measurement of
liquid velocity and turbulence intensities for the column of
different sizes and under different operating conditions. They
also studied the characteristics of the macroscopic flow struc-
tures, that is, the central meandering plume and the compan-
ion vortical regions, by measuring their frequency, wave
length, and moving speed. This information yields a better
understanding of the fluid dynamics in a 2-D bubble column
and provides a database for further numerical investigations.

It should be noted that most of the previous studies com-
pared the numerical predictions with the experimental mea-
surements in a qualitative manner, while only a few, if any,
quantitative comparisons were made. Therefore, although
qualitative comparisons seemed satisfactory in general, lim-
ited conclusions regarding the modeling of various physical
mechanisms, and the validation and reliability of numerical
prediction, can be drawn from these studies. This is, perhaps,
partially due to the difficulties in getting reliable measure-
ments in multiphase systems. It also reflects the fact that most
numerical studies used the Eulerian/Lagrangian approach
and are limited to low-speed /dilute cases, while most experi-
ments are conducted under more realistic conditions of higher
gas velocity and holdup. With experimental techniques being
developed and improved, it seemed that the numerical study
is somewhat lagging behind. While most experiments are lim-
ited to laboratory scale, industrial needs for reliable numeri-
cal simulations of large-scale columns are real. A computer
code for such simulations should be able to deal with the
situations involving large gas velocity, high gas holdup, and
churn turbulent flows. A key step towards this goal, we be-
lieve, is to validate the numerical results, in a quantitative
way, by the currently available experimental measurements.
As mentioned above, the studies of Lin et al. (1996) and
Mudde et al. (1997) provided reliable and extensive data of
bubbly flow between two narrowly separated plates. Their ex-
periments can be approximately simulated by solving a set of
2-D equations. By doing so, one should be able to utilize their
measurement results, both for time-averaged and for the
transient properties, to validate the numerical prediction. In
addition to the mean values, the comparison of the transient
properties is of particular importance since it is related to the
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backmixing and turbulence in the column. The testing of var-
ious physical models needed for closure can also be accom-
plished relatively readily in 2-D simulations, in comparison
with the 3-D simulations.

In this article, we present a Eulerian/Eulerian dynamic
simulation of the 2-D bubble column. The ensemble-aver-
aged equations are used to solve the velocity and volume
fraction field for both phases. A model of bubble-induced
turbulent viscosity is incorporated into the momentum equa-
tions for the liquid phase. The effect of gas volume fraction
on the interphase momentum exchange term is also included.
The numerical predictions of the macroscopic structures and
mean properties are compared with the experimental data
provided by Mudde et al. (1997) and Lin et al. (1996). Our
objective is to test the applicability and accuracy of the Eule-
rian/Eulerian method for the dynamic simulation of bubble-
driven two-phase flow in 2-D bubble columns.

Model
Ensemble-averaged equations for two-phase flow

Many attempts have been made to derive the averaged
equations for dispersed two-phase flows (Drew, 1983; Wallis,
1991). Either the volume averaging or the ensemble averag-
ing technique can be used to derive the equations for the
so-called two-fluid form widely used in engineering. In the
recent ensemble averaging approach presented by Zhang and
Prosperetti (1994, 1997), the exact Navier-Stokes equations
for the continuous phase are averaged by using the phase
ensemble averaging method (averaged over all the configura-
tions such that at time t the position x is occupied by the
continuous phase). For the disperse phase, a method of parti-
cle ensemble average is introduced in which global particle
attributes (such as the velocity of the center of mass) are av-
eraged directly. In other words, the averaged equations for
the dispersed phase are obtained by directly ensemble aver-
aging the equations of motion of particles where each parti-
cle is treated as a single entity.

For the incompressible liquid and gas, the continuity equa-
tions for each phase can be written as

de,

EJFV‘(chc):O D
and

dey

—p T V(eatg) =0 (2

The momentum equation for the liquid phase is written as

du,
pcec(? + uc-Vuc) = p.€.0 — €Vp
(Mg + M) +V-(e0,)+ V-( €, (ch) 3
where the stress tensor o is related to the strain rate by
o= uE(Vu.+Vuy) 4)
where p¥(= pu(14+5/2¢4+ 0(ey)) is the effective viscosity.
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The interphase momentum-exchange terms My and M, are
defined as

Beye.
= 5
d dg'ﬁ d ()
and
1 Du, Duy
Mym =7 €a€Com pe| 57 ~ or (6)

where D/Dt represents the substantial derivative. The term
V-(e. o) is due to the bubble induced turbulence stresses,
which will be elaborated later in this section. The terms My
and M, are due to drag and added-mass force, respectively.

As derived by Zhang and Prosperetti (1994, 1997), the mo-
mentum equation for the gas phase can be obtained by en-
semble averaging the equation of motion of a spherical bub-
ble (the Newton’s law) moving through fluid, which gives

Jug
pdfd(7+ud'vud)=pd€dg_€dvp+(Md+Mum) M

Since each bubble moves as a whole object, the rotational
and the internal motion of the bubbles are neglected. As a
result, a term related to the shear stress of the gas phase
vanishes. Equation 7 explicitly indicates that the bubbles re-
spond to the continuous-phase pressure, rather than to some
dispersed-phase pressure. This feature of the model is in
agreement with the physical intuition. The dispersed-phase
pressure, that is, the pressure inside the bubble, cannot affect
the motion of the bubbles directly, but only indirectly through
its relation with the continuous-phase pressure resulting from
the dynamic boundary conditions at the bubble surface. In
the present situation there is no need to solve the momentum
equation in the gas, but only to state that the gas pressure is
spatially uniform inside each bubble.

For quantitative analysis, it is necessary not only to derive
the correct form of these equations but also to obtain reliable
estimates of the various averaged quantities, such as the vis-
cous drag and added mass coefficients, that appear in the
averaged equations. As is well known, the drag force acting
on a spherical object moving at velocity ug through a fluid
with velocity u, can be expressed as

1
Fo= EpchCDﬂ'luc - ud'(uc - ud)

©)
As a classical problem, the drag coefficient of a gas bubble in
liquid has been extensively studied through the years. Here,
we used the recent results by Tsuchiya et al. (1997). The drag
coefficient of a bubble in a sufficiently contaminated system
can be expressed by

8 EO ;
3 E0+4

24
Cp = max E(1+0.15Re°‘687), 9

The effect of gas content is accounted for by modifying the
liquid viscosity with gas holdup as v./e. when calculating the
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bubble Reynolds number. Likewise, the coefficient f in the
second part of the Eqg. 9 is for including the effect of gas
holdup into the drag coefficient. Following Drew (1983), f
takes the form

(10)

1+17.67¢77\°
18.67¢¥?

Additional resistance on a bubble is due to the relative
acceleration of the bubble in the liquid. This is the added
mass force given by Eq. 6. Generally, C,, is a function of the
volume fraction of the dispersed gas phase €4 with a leading
term of unity and it may also depend on the mass density
ratio of the continuous and dispersed phase, that is, py/pe.
as recently proposed by Zhang and Prosperetti (1994).
Biesheuvel and Spoelstra (1989) calculated C,,, in the dilute
limit and found

Com=1+332¢;+0(€f) (11)
Various expressions for C,, were also proposed by Zuber
(1964), Wijingaarden (1976), and many others. The difference
is due to the different velocity distribution assumed in the
calculation. For the cases being considered in the present
study where the gas holdup does not exceed 10%, we expect
the above first-order expressions to yield a good approxima-
tion.

To predict momentum transfer in bubbly flow, it is impor-
tant to elucidate the turbulence of the continuous liquid
phase. As proposed by Sato and Sekoguchi (1975) the turbu-
lent stress in the liquid phase with bubbly flow can be subdi-
vided into two components, one due to the inherent (shear-
induced) turbulence which is independent of relative motion
of the bubbles, and the other due to the additional turbu-
lence caused by bubble agitation (bubble-induced turbulence).
Experimental evidence (Lance and Bataille, 1991; Theo-
fanous and Sullivian, 1984) indicates that, for low holdup
bubbly flow, the two parts are only weakly coupled so that
the linear superposition can be applied. As mentioned be-
fore, we only model the bubble-induced turbulence.

ol =—pu'u (12)
By appling the eddy viscosity model, Sato et al. (1981) sug-
gested

o’ = pvy(Vu, = Vuy); vy =Kyeqdplu, —ugl (13)
This model for the bubble-induced enhancement in viscosity
is based on the concept of mixing length. As a fluid particle
approaches a bubble with a velocity, say u., its velocity will
obviously be distributed in contrast to the situation where the
bubble is absent. If we apply the Stokes theory, this dis-
turbance is proportional to the relative velocity between the
fluid and bubble, that is, u, — uy. It is logical then to assume
that this disturbance propagates over a distance of d,, that
is, the diameter of the bubble. Therefore, the momentum
transfer caused by this mechanism, in addition to the shear
induced one, results in the above model in which bubble di-
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Figure 1. Mesh system for a 2-D column with discrete
gas injectors.

ameter is taken to be the bubble-induced turbulence length
scale. The empirical constant k, usually takes a value of 1.2.

Numerical implementation

A package CFDLIB developed by the Los Alamos Na-
tional Laboratory (Kashiwa and Rauenzahn, 1994) is used for
the simulations presented in this article. CFDLIB is a For-
tran code library for multiphase flow simulations. It uses a
cell-centered finite-volume method applied to the time-de-
pendent equations of conservation. The methodology and nu-
merical scheme are described by Cranfill (1983), Baumgard-
ner et al. (1990), Addessio et al. (1992), and Kashiwa et al.
(1993). Some applications can be found in Kashiwa and
Rauenzahn (1994). To adopt the code to the present prob-
lem, some parts of the code related to the interphase mo-
mentum exchange and turbulence calculations are modified
according to the models discussed in the last section.

Figure 1 shows the mesh system for a 15-cm wide column.
The grid sizes in horizontal and vertical direction are 1.0 cm
and 0.5 cm, respectively. In order to obtain better compari-
son with experimental data, we set the conditions for our
simulations as close to those used in Mudde et al.’s (1997)
experiment as possible. The flow conditions and column sizes
for each run are listed in Table 1. In order to prevent over-
flooding, the extend of the computational domain in the z-
direction is usually set to 1.2 to 1.5 times of column’s static
height. At the top of the column, the boundary condition is
the atmospheric pressure. The gas injectors are numerically
realized by setting openings at the bottom of the column
which allow only the gas phase to pass through at a velocity
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Table 1. Column Size and Flow Conditions™

Col. Width Static Liquid No. of Aspect
W (cm) Uy, Hgt.H(m)  Bubble Injectors  Ratio
11.2 1.0 110 2 9.8
10.16 1.22 160 2 15.8

2.44 160 2 15.8
3.66 160 2 15.8
5.49 160 2 15.8
15.2 1.0 110 3 7.2
32.0 19 110 6 34

*In the experiments of Lin et al. (1996) and Mudde et al. (1997), the
distance between two column walls in the third dimension is 1.27 cm.

which multiplied with gas holdup matches the value of gas
superficial velocity. This was done since the size of the actual
gas injectors used in the experiments (such as 0.16 cm in di-
ameter) is too small to be resolved in the present numerical
simulation. Simulated openings are about 2 to 4 times larger
than the real injectors. Notice that in Figure 1 the grid is
finer at the locations of gas injectors.

All simulations start from a static initial condition where
the main body of the column is filled with liquid, that is, e, =1
and €4 =0, up to the column’s static height. Above the static
height, there is gas only which corresponds to the initial con-
dition, €, =0 and €4 =1. The simulations are then performed
until a quasi-steady state is reached. The time-averaged
quantities are then calculated as defined in the following ex-
pressions

1 N+N 1 N+N
I0-5 L w0 (0-5 X 00
n=Ng+1 n=Ng+1

(14)
1 N#N 1 NEN
uvu'=— Z uﬁ—Uz, V=— Z Ur%—l_)z,
Nn=Ns-¢—1 Nn=Ns+1
l N‘FN5
UrU,:N Z (un_U)(Un_D) (15)
n=N;+1

where u,(x) and v,(x) are the horizontal and vertical compo-
nents of liquid velocity at time step n; N, denotes a time step
when the quasi-steady state is reached. In all simulations the
velocity and gas holdup fields are sampled every 0.03-0.1 s
for statistics. To ensure the convergence of the averaged
guantities, the averaging processes are performed for 50 to
100 s which corresponds to a period of time during which
about 10 to 20 meandering waves pass through a point at the
center-line of the column. The spatial averaging is then per-
formed along the vertical direction within the lower, middle,
and upper sections as shown in Figure 1, respectively. The
locations and sizes of these three sections are exactly the same
as the observation windows in Mudde et al.’s (1997) experi-
ment.

Results and Discussion
Dynamic characteristics of the large structures

Chen et al. (1989) have observed in their visual study of
2-D bubble columns that when the liquid depth exceeds the
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column width (when column’s aspect ratio exceeds one), a
central wave-like plume accompanied with two staggered rows
of vortices, which resemble the Karman vortex street appear.
Tzeng et al. (1993) and Lin et al. (1996) further classified the
large flow structures in the 2-D bubble column into four dis-
tinct flow regions, namely the central plume region, fast bub-
ble flow region, vortical flow region, and descending flow re-
gion. A dynamic numerical simulation should be able to cap-
ture these characteristics observed in the experiment. Figure
2 shows samples of the instantaneous flow patterns in three
columns with different width, with different number of gas
injectors and at different superficial gas velocities. The im-
ages are taken arbitrarily from the simulations after the dy-
namic stationary state is reached. The flow condition, that is,
the superficial gas velocity Uy, (cm/s) number and location
of the gas injectors, and the column size of the three cases
studied match the experiments by Mudde et al. (1997). Actu-
ally, in Mudde et al.’s experiment, the dynamic heights of
gas-liquid mixture for all the cases were kept at 110 cm while
in the simulation the static liquid height, that is, the ungassed
height, is 110 cm. Since gas holdup is very low, the differ-
ences in dynamic heights are 5%. The gray scale images show
the continuous contours of gas holdup for the entire compu-

1204

dm i«.

Instantaneous contour plots of gas holdup for
10.2 cm (left), 15.2 cm (middle), and 32 cm
(right) column.

11- and 15-cm columns are operated at Ug,, = 1 cm/s. 32-cm
column is operated at Ug,,=1.9 cm/s. Grayscale contour
legend for 11- and 15-cm column: e4 =0 (black)—8%
(white). For 32-cm column: €4 = 0 (black)—11% (white).

0 .

Figure 2.
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tational domain. The sharp change in the darkness at the
upper section of the column indicates the interface between
the gas liquid mixture and the all-gas section at the top of the
column. As gas is injected into the column, this interface is
naturally formed from the initial condition as described in
the last section. Since the three columns start from the same
stationary water height (110 cm), the free surface of the one
with a higher superficial gas velocity U, obviously reaches a
higher level due to higher gas holdup. From these visualiza-
tions, the wave-like central plume with relatively high gas
concentration and the vortices adjacent to the sidewalls are
clearly observed. The staggered vortices along the walls can
be viewed in more detail by plotting the liquid velocity vec-
tors. Figure 3 shows an instantaneous liquid velocity field to-
gether with the gas holdup contour plot of the 15-cm column.
In the region of the central plume, the liquid moves upwards
in a meandering manner. In the vortical region the vortices
with alternative direction of rotation, which form the
counter-rotating vortex pairs along the sidewalls, coincide
with the low gas holdup region.

|k

Figure 3. Instantaneous contour plots of gas holdup and
liquid-velocity vectors for the 15-cm column
operated at Ug,, =1 cm/s.
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u(t) {cm/s)

Figure 4. A time series of the horizontal liquid velocity
component at the central point of the 15-cm
column at Ug,, =1 cm/s.

Thick solid line is from the numerical simulation and the
thin dashed line is from the PIV measurement by Mudde et
al. (1997).

To study the dynamic properties of these large structures,
we have performed the animations of the flow field by using
the velocities and gas holdup generated from the simulations.
These animations show that the bubbles injected at the bot-
tom cluster together to move upward in a wavy manner while
the vortex pairs drift down. The multiple vortex cells that are
continually generated in the vortical flow region become con-
fined by the wave motion of the central plume. The behavior
of these vortices is dynamic in nature, and the formation of
these vortices at each sidewall appears to be independent of
each other. The entire vortex region is swinging laterally back
and forth corresponding to the wave motion of the central
plume.

It is of interest to determine whether the numerical simu-
lation can produce the large structures whose primary prop-
erties match the experimental data. For this purpose, we
recorded a sequence of liquid velocity with the same sam-
pling frequency and at the same point as used by Mudde et
al. (1997) in their measurement. Figure 4 compares the nu-
merical values with data. It should be pointed out here that,
in a periodical and statistically steady flow, the origin of time
is irrelevant. Therefore, Figure 4 is made by shifting the nu-
merical sequence, which is much longer than the experimen-
tal one, along the time axis so as to match one peak in both
curves. One can see from Figure 4 that the numerical simula-
tion captures the primary frequency quite well, while the high
frequency contents are not resolved.

It is expected that the liquid flow in bubble columns is
highly transient even at low gas velocity. Figure 5 shows a
time series of liquid velocity components at the central point
of the 11-cm column. The meandering nature of the central
plume is clearly demonstrated by the alternation of the dis-
tinctive periods of positive and negative horizontal velocity u.
Beside the primary frequency, which corresponds to the me-
andering structure, one can see many high frequencies and
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Figure 5. Time series of the liquid velocity components
at the central point of the 11-cm column at
Ugp =1 cm/s.

possibly some lower frequency contents. The axial compo-
nent v, on the other hand, contains more frequencies. One
can have a better view on the content of time/length scale by
looking at the power spectrum of the velocities, as will be
shown in Figure 21. The temporal power spectra are calcu-
lated by averaging the spectra at all the points on the center
line within a middle section of the 15-cm column. The spatial
power spectra (not shown) are calculated by averaging the
spectra of the center line over a period of 100 s. The first
peak in the temporal and spatial spectrum indicates the fre-
quency and wave length of the large structure (the meander-
ing structure). We call these the primary frequency f,, and
the primary wave length A,. Beside the primary frequency
and wave length, there are several smaller peaks indicating
secondary frequencies and wave lengths.

Mean flow properties and comparison with experiments

To further verify our numerical results, we conducted
guantitative comparisons of the mean velocity, turbulence in-
tensities, and shear stress profiles with the experimental data
provided by Mudde et al. (1997). Figure 6a shows the vertical
and horizontal mean velocity profiles in the 11-cm column at
Usyp =1 cm/s. The compared profiles are for the middle sec-
tion of the column where the mean flow is usually assumed
1-D. The numerical prediction of the mean horizontal veloc-
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ity U is essentially zero as expected. The experimental data,
however, are non-zero and exhibits an inward flow. As pointed
out by Mudde et al. (1997), this is attributed to a systematic
error due to the difficulty in tracking the particles in the
fast-moving bubble stream and other biases. The comparison
of the mean vertical velocity profile is quite good except for
the near-wall region. One reason for this discrepancy is that
the boundary layer is too thin to be resolved in our current
simulations. By examining the measured data points near the
wall, one should realize that the experiment did not resolve
the wall layer either. Using the measurement of gas holdup
profile reported by Reese et al. (1996), one would be able to
examine to what extent the PIV data by Mudde et al. satisfy
the mass balance. The numerical results do satisfy the mass
balance.

The predictions for the 32-cm column are also compared
with the experimental data as shown in Figure 6b. Since the
window of the PIV measurement covers only half of the col-
umn, the data is provided for the left half of the column.
Notice that the gas superficial velocity for this case is some-
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Figure 6. Time-averaged liquid velocity profiles for the
11-cm column at Ug,,, =1 cm/s and the 32-cm

column at Ug,, =1.9 cm/s.
—— and - - - - are the numerical predictions of the vertical
(axial) velocity component 7 and the horizontal velocity
component T, respectively. @ and O represent the experi-
mental measurements of o and T, respectively. The experi-
mental data are from Mudde et al. (1997).
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what higher (USup =1.9 cm/5). The comparison is satisfactory
and slightly improved in the wall region.

For the 15-cm column, the comparisons of the computed
and experimental determined mean vertical liquid velocity are
made for the middle, lower, and upper sections, as shown in
Figure 7. Again, the numerical values match the data quite
well except in the wall region. The experimental profiles for
the middle and upper sections are similar, while the one for
the lower section is somewhat different. Mudde et al. (1997)
argued that this is due to the fact that the flow is not fully
developed in the lower section. The computed profiles for
the three sections, on the other hand, are almost identical.
Thus, the numerical values for the upper and middle sections
are higher in magnitude than the experimental values. The
discrepancy between the predictions and data in the near wall
region may be attributed to the effect of finite thickness of
the third dimension. In experimental the 2-D flow was real-
ized between two narrowly separated plates. The distance be-
tween the plates was 1.27 cm. In the near-wall region the
flow is really rather 3-D. Thus, the slowing down of fluid by
the wall in third dimension, that is, the parallel plates, be-

<v> (cm/s)

<v> (cm/s)

=1.0 -0.5 0.0 0.5 1.0

<v> (cm/s)

~-15 . . :
-1.0 -0.5 0.0 0.5 1.0
2x/w
Figure 7. Averaged velocity profiles for the 15-cm col-
umn at Ug,, =1 cm/s.
Top: upper section; Middle: middle section; Bottom: lower
section. — and e represent the numerical prediction and

experimental data, respectively.
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Figure 8. Time-averaged profiles of turbulence intensi-
ties and Reynolds shear stress for the middle
section of the 15-cm column at Uy, =1 cm/s.

——: Numerical values; ®: experimental data measured by
Mudde et al. (1997).

comes significant. This effect, however, is not accounted for
in the 2-D simulations. Since the thickness of the boundary
layer is inversely proportional to the velocity, we would ex-
pect this type of discrepancy to be reduced as velocity in-
creases. In fact the profiles for the lower section in Figure 7,
where the velocity is high in magnitude, shows this trend. Also
the results for a case of higher Uy, (such as Figure 6b) indi-
cate that this may be a reasonable explanation.

The numerical predictions of turbulence intensities u'u’ and
v'v' and Reynolds shear stress U’/ for the 15-cm column op-
erated at Uy, =1 cm/s are compared with data in Figure 8.
When doing such comparison, one should realize that the ex-
perimental data is the 2-D representations of a really 3-D
flow field. Thus, the velocity in the third dimension may cause
fluctuations in the measurement which in turn introduce some
type of “turbulence” that contributes to non-zero Reynolds
stresses in the near-wall-region. The u'u’ reaches a peak at
the central portion of the column since u attain its highest
magnitude in the center due to the nature of the meandering
motion of the central plume. The peaks of /v at the near-wall
vortical region are consistent with the fact that the flow dy-
namically changes from upward to downward in such areas.
Although the general trend of the numerical values match

Vol. 46, No. 3 441



the data, there are significant differences in values. It is clear
that the simulation underpredicts the turbulence related
properties. In reality, for the cases of low gas velocity, bub-
bles keep their identity while they rise up through the col-
umn. The drag force is thus always concentrated in the liquid
surrounding the bubble. In the Eulerian/Eulerian approach,
however, bubbles are not identified as single identities. Al-
though the drag force is calculated based on the single bub-
ble formulation, it is not confined to the region adjacent to
the bubbles, as it should be; rather, it is more “dispersed” in
the liquid. (This is obviously the inherent drawback of using
the two-fluid model to describe two-phase flow when the dis-
persed phase is very dilute. One extreme example is that the
Eulerian/Eulerian method cannot be used to simulate the
motion of a single bubble in liquid.) The fluctuations induced
by concentrated drag force are thus smoothed, which results
in a lower level of turbulence intensities than what actually
exists. Considering that the overall gas holdup is only a few
percentages in the current simulations, it would be reason-
able to expect better agreement with data when gas superfi-
cial velocity becomes higher. However, good agreement of the
calculated mean velocity profile with data indicates that the
effects of turbulence, here mainly the bubble-induced turbu-
lence, are properly modeled and included in the calculation.

Figures 8 and 5 suggest that a significant part of the turbu-
lence intensities and Reynolds shear stress are due to the
large structures. The velocity field, therefore, can be thought
of as consisting of three parts: the mean flow, which is time-
independent, the slow wave like oscillation, which represents
the large-scale meandering structure, and the part of high
frequency. To study this high-frequency content, we remove
the low-frequency part from the liquid velocity field and per-
form the time-averaging procedure on the resultant filtered
flow field. The filtering procedure is achieved by first per-
forming the Fourier transform for u and v. The Fourier coef-
ficients which correspond to the primary frequency, which can
be estimated from the power spectrum, are then set to zero.
Finally, the altered velocity field in Fourier space is trans-
formed back to the physical space. Mudde et al. (1997) pro-
cessed their experimental data on a 15-cm column at 1 cm/s
in a similar way. To compare with their results, we manipu-
late the numerical quantities for the same column at the same
gas velocity. The results are shown in Figure 9. Several fac-
tors need to be pointed out. The filtered frequency for the
experimental data is 0.2 Hz. For the numerical values, on the
other hand, the filtered frequency, which is chosen by refer-
ring to the power spectrum as will be shown in Figure 21, is
about 0.18 Hz. To be consistent with the experiment, where a
single cut-off-frequency was used, here we use 0.18 Hz for
both u and v. The numerical profiles are calculated by aver-
aging the values over 100 s, which allows more than 20 waves
to be recorded. The experimental profiles, however, are ob-
tained by averaging over a time sequence of about 10 s, which
contains only two waves. Mudde et al. (1997) also realized
that the short averaging time period of the data is responsi-
ble for the significant discrepancies between the experimen-
tal profiles in Figure 8 and the (unfiltered) experimental pro-
files of Figure 9. As a result, the profiles are symmetric, while
the experimental ones are not. Nevertheless, the contribu-
tions of the large structures to the turbulence related quanti-
ties are clearly indicated. As observed in the experiments and
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Figure 9. Time-averaged profiles of filtered and unfil-

tered turbulence intensities and Reynolds
shear stress for the middle section of the
15-cm column at Uy, =1 cm/s.

——: Numerical (filtered); ———: numerical (unfiltered); ®:
experimental (filtered); A: experimental (unfiltered). The
experimental data are taken from Mudde et al. (1997).

numerical visualizations, the meandering structure results in
large values of U'U’ in the central region of the column. With
the removal of this large structure, the filtered profile, there-
fore, is much lower and flat in the core region. The relatively
sharp damping shape in the near-wall region is not changed
much. On the other hand, the removal of the low-frequency
mode which is associated with the vortices gives a largely re-
duced value of U0 in the near-wall region. It seems that the
large structure has relative small effect on Reynolds shear
stress. Here, we have noticed that the numerical profiles of
Reynolds shear stress, both unfiltered and filtered, follow the
Boussinesq approximation. The unfiltered experimental
Reynolds shear stress, however, does not agree qualitatively
with the one given by Figure 8 which is in line with the
Boussinesq approximation. This contradiction may suggest
that this particular set of data by Mudde et al. (1997) is not
reliable or, at least, is too crude. Even so, the comparisons
illustrate that our present numerical simulation is able to
capture to some extent the high-frequency/small-scale fluctu-
ations in the turbulence bubble-driven flows.

The dynamic behavior of the large structures is character-
ized by the wave length and frequency of the meandering
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central plume. It is expected that these quantities vary with
column size and gas superficial velocity. Lin et al. (1996) have
conducted an extensive and detailed experimental investiga-
tion, in 2-D columns, of this topic. They found that, in the
same column, the frequency increases with gas velocity, while
the wavelength decreases. At the same gas superficial veloc-
ity, the frequency decreases as the size of the column in-
creases. The wavelength is proportional to the column size.
When the wavelength and frequency are multiplied to give
the vortex descending velocity, they found that it is basically
a function of the superficial gas velocity only. They also found
that the size of these vortices is independent of gas velocity
when Uy, <1 cm/s and varies with column size only.

To study the variation of large-scale structure (the fre-
guency and wavelength) with gas velocity, we conducted a
group of simulations for the 10.16 cm column. The flow con-
ditions, as listed in Table 1, match the experiments done by
Lin et al. (1996). Figure 10 shows the flow patterns when the
column is operated at four different superficial gas velocities.
As consistent with the experimental observation, wavelength

200

150 -

Figure 10. Instantaneous flow structures in the 10-cm
column operated at different superficial gas
velocity.

From the left to the right, U, =1.22, 2.44, 3.66 and 5.49
cmys.
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Figure 11. Frequency and wavelength of the meander-
ing structure in a 10-cm column vs. the gas
velocity.

Experimental data is taken from Lin et al. (1996).

decreases as the gas velocity increases. The overall gas holdup
increases as Uy, increases. As the gas velocity increases, one
observes intensified turbulence and the less clearly defined
flow pattern.

For a quantitative comparison, we have performed each
simulation for 200 s after it reached the quasi steady state
and recoded all the quantities. By means of flow visualization
and Fourier analysis, the averaged frequency and wavelength
are calculated. Figure 11 shows the comparisons of the fre-
quency and wavelength of the large structure with the experi-
mentally measured values of Lin et al. (1996). The experi-
mental values are understood to have been obtained visually
as implicitly indicated in their article. We denote the fre-
quency and wavelength of the larger structures as f, and A,.
The computed values of A, and f, are measured by the visu-
alizations and animations of the numerically generated liquid
velocity field u.(x,t). The other way to estimate the charac-
teristics of the larger structures in a column is to calculate
the mean frequency and wavelength A and f as follows

Z:i)‘iPu()‘i)
ZiPu()\i)

ZifiSu( )

A= f= TS (16)

in which P, (1) and S (f) are the spatial and temporal Fourier
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Figure 12. Instantaneous contour plots of gas holdup
for the 15.2-cm columns operated at the
same superficial gas velocity Ug,, =1 cm/s,
but with different gas distributors: one-jet
(left), three-jet (middle), and uniform (right).
The grayscale contour legend: e4 = 0 (black) —8% (white).

spectra for the horizontal component of the liquid velocity
along the central line of the column. A and f are then aver-
aged over time and space, respectively. It can be seen that
the numerical values match fairly well with the measured data
particularly for the two cases of intermediate U,,. We have
noticed that at low and high gas velocity, the structures are
not uniform over space and time, as can be seen in Figure 10.
Such nonuniformity may have induced the deviations be-
tween the calculated and measured values.

Effects of gas distributors

One of the topics of interest in studying bubble columns
for engineering application is the effect of a different type of
gas sparger on the characteristics of the flow field and in turn
on the mass/heat-transfer properties which are of great in-
terest to chemical engineers. Numerical simulation may pro-
vide useful information in this regard. We have performed a
set of simulations of the 15-cm column. Each simulation is
based on a different gas distributor, consisting of one or three
nozzles or a uniform gas injector. The openings are set sym-
metric about the centerline of the column. By uniform dis-
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Figure 13. Time-averaged liquid velocity profiles for the
15-cm column at Ug,, =1 cm/s.

Lines represent the results of the numerical simulations
with different gas distributors. Symbols represent the ex-
perimental data measured by Mudde et al. (1997) taken
with three injectors.

tributor, we mean that the gas velocity at inlet (the bottom of
the column) is set to a constant single value everywhere.
Among these three cases, the one with three gas injectors
matches Mudde et al.’s (1997) experiments. In many bubble
columns used in experiments and in industry, the gas is intro-
duced into the column through many tiny holes on a perfo-
rated plate or even sintered plate. The size of these holes in
a perforated plate is usually of the order of 10! mm. The
holes are distributed uniformly on the plate. A perforated
plate, whose open area is about 0.1% of the total area, would
have hundreds of holes. A uniform distribution of gas veloc-
ity and volume fraction at the bottom is a reasonable inlet
boundary condition for simulation of such a distributor.

In the cases simulated, while the gas is injected in a differ-
ent way into the column, the superficial gas velocity is kept
the same for all the runs. Figure 12 shows the flow pattern
for these three cases. One notices first that the overall gas
holdup for each case is the same. This indicates that the
overall gas holdup is not affected by the gas distributors and
depends on the gas superficial velocity Uy, only. We can see
that the wavelengths of the meandering structure in columns
with different types of gas distributor are very similar. The
gas-rich central plume becomes wider as the number of gas
injectors increases.

The profiles of the mean liquid axial velocity for the mid-
dle section of the columns are shown in Figure 13. As ex-
pected, the profile becomes less steep as the type of gas dis-
tributor approaches uniform distribution. In fact the profile
for three-injector is almost identical to the one for uniform
distribution. Figure 14 shows the turbulence intensities and
Reynolds shear stress profiles. The column with a single gas
injector, in comparison with the columns of three-jets and
uniform distribution, produces much higher turbulence, as
shown by the profiles for U and v'v/. The profiles of
Reynolds shear stress U’ indicate that, in the column with a
single injector, the two components of liquid velocity, u and
v, are more closely correlated than those in the other columns.
This fact simply means that the liquid flow in a single-injec-
tor column is more dominated, in contrast to the column with
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distributed injectors, by the coherent large structures. A vi-
sual observation on the instantaneous flow pattern, as shown
in Figure 12, supports this conclusion as well.

Figure 15 shows the power spectra of the horizontal x-com-
ponent of liquid velocity. The shifting of the peaks for the
single-jet towards higher frequency indicates that the gas dis-
tributor can have an impact on the oscillation of the mean-
dering structure. As shown by Lin et al. (1996), the vortex
descending velocity is proportional to the wavelength and fre-
quency. The increase in wavelength and frequency, therefore,
gives rise to larger negative axial velocity at the near-wall re-
gion as shown in Figure 13. The peaks for the three-jet and
uniform distributor occur at the same frequency. However,
the band of the peak for the uniform distributor is wider than
that for the three-jet, which indicates that more frequency
content can be brought into the large structure by injecting
gas uniformly. Also, the enhancement in turbulence intensi-
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Figure 14. Time-averaged profiles of turbulence intensi-
ties and Reynolds shear stress of the liquid
phase for the middle section of the 15-cm
column at Uy, =1 cm/s.

Lines represent the numerical predictions with different
gas distributors: ——: three-jet; ----: one-jet; —-—:
uniform. @ represents the experimental data measured by
Mudde et al. (1997).
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Figure 15. Temporal power spectrum of the horizontal

component of the liquid velocity for the
15-cm column at Ug,,, = 1 cm/s with different
gas distributions.

ties in the horizontal direction, as the gas distribution changes
from three jets to uniform, as shown in Figure 14, is con-
sistent with the widening of the peak in the power spectra.
These observations suggest that the way by which the gas is
introduced may affect the dispersion and mixing in the col-
umn operated in the bubbly flow regime.

Verification of physical models

As is well known, how to model the interphase momentum
exchange and multiphase turbulence are, among many oth-
ers, the important and controversial issues in numerical study
of multiphase flow by the Eulerian/Eulerian method. In our
present study, we adopted a model proposed by Sato et al.
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Figure 16. Time-averaged profiles of the vertical veloc-
ity for the 15-cm column at Uy, =1 cm/s.

Lines represent the numerical predictions with different
physical models. @ represents experimental data of Mudde
et al. (1997).
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Figure 17. Time-averaged profiles of turbulence intensi-
ties and Reynolds shear stress for the mid-
dle section of the 15-cm column at Uy, =1
cm/s.
Lines represent the numerical predictions with different
physical models: ——: with bubble induced viscosity o,°
and added mass force; ----: ocb=0; — «—: without
added mass force. @ represents experimental data of
Mudde et al. (1997).
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(1981), as shown by Eq. 13, to account for the effect of the
bubble-induced turbulence. We also include the added mass
force, beside the drag force, into the interphase momentum
exchange. It is therefore logical and prudent to conduct a
sensitivity study of these terms. Again, we choose to simulate
the 15-cm column at Uy, =1 cm/s where the experimental
data exist for comparison. The simulations are made by, re-
spectively, turning off the bubble-induced viscosity and the
added mass coefficient one at a time. Figures 16 and 17 show
the profiles for axial mean liquid velocity and turbulence re-
lated average quantities, respectively. It is clear that the bub-
ble-induced viscosity has a big effect, whereas the effect of
the added-mass force is relatively small, but still not insignifi-
cant. If the power spectra, as shown in Figure 18, is exam-
ined, the effect of neglecting the bubble-induced viscosity on
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the macrostructure is to increase the frequency of the wavy
motion. Neglecting the bubble-induced viscosity would make
the liquid less viscous and, thus, results in enhancement of
turbulence. It should be noticed that among the three cases
simulated, the one which includes both the bubble-induced
viscosity and the added-mass force matches the experimental
data best. We may, therefore, conclude that our present
model includes the key physical mechanisms and gives a rea-
sonable prediction of gas-liquid flow in 2-D bubble column.
In the present model of the drag force a single value of
bubble size is assumed. Actually, the bubble size is the only
adjustable parameter in the model. Throughout this article,
we use 0.5 cm in diameter as the bubble size, simply because
the bubbles of this size were mostly observed by Lin et al.
(1996) and Mudde et al. (1997) in their PIV experiments. In
order to examine the sensitivity of these results to the bubble
size, we repeated the simulation of the 15-cm column by us-
ing two other bubble sizes of 0.8 cm and 0.25 cm. The axial
mean velocities and turbulence properties for the three cases
are compared. It is interesting and somewhat surprising to
find that changing the bubble size by a factor of 3.2 does not
greatly affect the results. However, we have also found in our
simulations that, if one uses too large a bubble size, the lig-
uid will not start to circulate. Since the bubble size is in-
versely proportional to the amount of drag force per unit vol-
ume of liquid, there must be a threshold below which the
liquid simply does not gain enough momentum to move.

Effects of numerical resolution and boundary conditions

One of the critical issues in numerical simulation is the
effect of the mesh size and type. Although the scope of this
article is to use the Eulerian/Eulerian method as imple-
mented in CFDLIB, it is always wise to check the effect of
the numerical resolution. We used three different meshes, as

listed in Table 2, for the simulations of 15-cm column at U,
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Figure 18. Temporal power spectrum of the transverse
component of the liquid velocity by different
physical models.

Case is a 15-cm column at Uy, =1 cm/s.
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Table 2. Spatial Resolution for the Simulation of 15-cm

Column
Mesh I (Medium) 11 (High) 111 (Low)
Ax (cm) 0.55 0.38 0.85
Ay (cm) 1.0 0.75 1.2
Ax, (cm) 0.32 0.24 0.32
Ay, (cm) 1.0 0.75 1.2

*Ax, and Ay, are the mech sizes in the jet region.

=1 cm/s. Figure 19 shows the computed axial mean velocity
using different meshes. Differences are definitely present, es-
pecially in the wall region. However, the difference in the
computed values throughout most of the column are accept-
able for most engineering calculations. In the wall region, the
computed velocity values approach the experimental data in
monotonic fashion as mesh is refined. Figure 20 shows the
turbulence intensities and Reynolds shear stress. The differ-
ences in calculated values are now much larger especially for
the transverse component of turbulent intensities u'u’. It
seems that u'U’ is enhanced as the mesh becomes finer. The
effect of the mesh on the dynamic properties of the flow field
can be examined by looking at the power spectra of the liquid
velocity components. Figure 21 shows the power spectra of
the liquid velocity component u. It is seen that primary fre-
quency shifts towards the low value and more higher-
frequency contents are resolved, as the mesh is refined. By
recalling Figure 11, where the primary frequencies are over-
estimated by the numerical simulation, one would expect an
improvement of such a calculation when a finer mesh is used.
However, the issue of accuracy of the computed turbulence
guantities as a function of mesh size remains. An extensive
study is needed to determine whether convergent behavior is
obtained. This was not our objective as we focused on the
physical models included in the simulations.

Finally, we studied the effect of different boundary condi-
tions on the computed quantities. With regard to the bound-
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Figure 19. Time-averaged liquid velocity profiles for the

15-cm column at Ug,, =1 cm/s.

Lines represent the results of the numerical simulations
with different spatial resolutions. —: Mesh I; - - - -: Mesh
Il; —-—: Mesh Ill. @ represents experimental data mea-
sured by Mudde et al. (1997).
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ties and Reynolds shear stress of the liquid
phase for the middle section of the 15-cm
column at Uy, =1 cm/s.

Lines represent the numerical predictions with different
spatial resolutions; ——: Mesh; ----: Mesh II; —-—:
Mesh 111. @ represents the experimental data measured by
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ary conditions in gas-liquid flow, the most common practice
is to assume the no-slip condition for the liquid phase and
free-slip condition for the gas phase at the vessel wall.
The latter is due to the assumption that the gas, being in
the form of bubbles, is able to slip along the solid wall. If the
gas phase is treated as a continuum, as is the case in the
Eulerian/Eulerian approach, the no-slip condition can also
be applied. Since the boundary layer is very thin in most cases,
it is also of interest to test the effect of the free-slip boundary
condition for the liquid phase. The simulations were made
for the 15-cm column at Uy, =1 cm/s by applying different
boundary conditions (free-slip or no-slip) for liquid and gas
phase, respectively. The results confirm that no-slip for liquid
phase and free-slip for gas phase is the appropriate boundary
condition set.
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Figure 21. Temporal power spectrum of the horizontal
component of the liquid velocity from the
simulations using different mesh-resolu-
tions.

Case is a 15-cm column at Uy, =1 cm/s.

Summary and Conclusions

The numerical simulation of gas-liquid flow in 2-D bubble
columns using the Eulerian/Eulerian two-fluid model is able
to capture the characteristics of coherent large structures.
Quantitative comparisons with the experimental data demon-
strate that, by applying simple models of interphase momen-
tum transfer and bubble-induced turbulent viscosity in the
liquid phase, the two-fluid simulations are able to provide
satisfactory quantitative results for mean axial velocity, as well
as order of magnitude results for the turbulence intensities
and Reynolds shear stress for the cases of dispersed bubbly
flow. The accuracy of predicted mean liquid velocity in a 15-
cm column operated at Uy, =1 cm/s is within 15% in most
of the column. The computed horizontal component of tur-
bulence intensity in the liquid phase underestimates the ex-
perimental data by about 20%. The radial profile of the cal-
culated axial component of turbulence intensity has the same
shape as the data. The numerical values are smaller than the
data by about 10% in the wall region and by 20% to 5 times
in the central region. The calculated Reynolds shear stress
follows the Boussinesq approximation as does the experimen-
tal one, but the former is much smaller than the latter in
most of the column. The computed dynamic properties of the
larger structure, that is, the wave length and frequency of the
central meandering plume, and the descending speed of
near-wall vortices, also agree well with the PIV measure-
ments. The deviations between the computed and measured
values of the wavelength and frequency are within 10%. Such
macrostructures account for about 90% of total turbulence
intensities and Reynolds stress. The importance of including
the bubble-induced viscosity into the continuous phase, here
the liquid, is also demonstrated. The study of the effect of
the gas distributor shows that changing the bubble injector
arrangements may result in significant differences in flow
properties, which could affect the dispersion of passive scalars
in both phases.
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Notation

Cp =drag coefficient
C,n, =Virtual mass coefficient
d, =bubble diameter, cm
Eo = EGtvds number (= g p,d5/r)
g =gravitational constant, cm/s2
Re =bubble Reynolds number (=dlu. — ugl po/mc)
u. =liquid velocity field, cm/s
uy =gas velocity field, cm/s
€. =liquid volume fraction
€4 =gas volume fraction
1 = liquid viscosity, gram/cm-s)
v, = liquid kinematic viscosity, cm?/s
p. =liquid density, gram/cm®
pq =9as density, gram/cm®
T =surface tension, gram/s?
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